We construct, somewhat nonstandard, Legendrian surgery diagrams for some Stein fillable contact structures on some plumbing trees of circle bundles over spheres. We then show how to put such a surgery diagram on the pages of an open book for S 3 , with relatively low genus. Thus we produce open books with low genus pages supporting these Stein fillable contact structures, and in many cases it can be shown that these open books have minimal genus pages.
Introduction
A closed and oriented 3-manifold Y which is described by a plumbing tree Γ of oriented circle bundles over S 2 , all having Euler numbers less than or equal to −2, admits many Stein fillable contact structures. A Kirby diagram of Y is given by a collection of unknotted circles in S 3 corresponding to the vertices of Γ , linked with respect to the edges of Γ so that the smooth framing of a circle in the diagram is exactly the Euler number n i ≤ −2 corresponding to the circle bundle it represents. To find Stein fillable contact structures on Y, one can simply put all the circles into Legendrian position (with respect to the standard contact structure in S 3 ) in such a way that the contact framing, that is, the Thurston-Bennequin number tb(K i ) of a circle K i is given by n i + 1. Then by applying Legendrian surgery on these Legendrian circles in S 3 , we get a Stein fillable contact structure on Y. Note that the freedom to Legendrian realize each K i with different rotation numbers (but fixing tb(K i ) = n i + 1) will enable us to find different Stein fillable contact structures on Y.
We will call a plumbing tree "nonpositive" if d i + n i ≤ 0 for every vertex i, where d i denotes the degree of the ith vertex. We will refer to a vertex in a tree with d i +n i > 0 as a bad vertex. A planar open book supporting the contact structure obtained by a Legendrian realization of a nonpositive plumbing tree was presented in [11] . In this article, we will generalize the methods in [11] to find an open book supporting the contact structure obtained by a Legendrian realization of a plumbing tree which is not necessarily nonpositive. The genus of the open book we will construct for a tree Γ is given by a number g(Γ ), which we define in Section 3. As a preliminary step in the construction of the open books, we first derive special Legendrian surgery diagrams for Y in Section 3. In the following section, we show how to realize these Legendrian surgery diagrams on the pages of an open book for S 3 . Thus after Legendrian surgery we have an open book supporting the desired contact structure. We also discuss how to apply these ideas to more general contact surgery diagrams. These constructions lead to open books decompositions supporting all tight contact structures on small Seifert fibered spaces with e 0 / = −2, −1 having page genus zero or one. In the last section, we exhibit various examples of our construction.
Open books and contact structures
Suppose that for an oriented link L in a closed and oriented 3-manifold Y, the complement Y \ L fibers over the circle as π : Y \ L → S 1 such that π −1 (θ) = Σ θ is the interior of a An open book (L, π) on a 3-manifold Y is said to be isomorphic to an open book An open book can also be described as follows. First, consider the mapping torus
where Σ is a compact oriented surface with r boundary components and φ is an element of the mapping class group Γ Σ of Σ. Since φ is the identity map on ∂Σ, the boundary ∂Σ φ Open Books and Plumbings 3 of the mapping torus Σ φ can be canonically identified with r copies of T 2 = S 1 × S 1 , where the first S 1 factor is identified with [0, 1]/(0 ∼ 1) and the second one comes from a component of ∂Σ. Now we glue in r copies of D 2 × S 1 to cap off Σ φ so that ∂D 2 is identified with arises from their connection to contact structures, which we will describe very briefly.
We will assume throughout this paper that a contact structure ξ = ker α is coorientable (i.e., α is a global 1-form) and positive (i.e., α ∧ dα > 0). We refer the reader to [4, 10] for more on the correspondence between open books and contact structures.
Legendrian surgeries and plumbings
We assume that all the circle bundles we consider are oriented with Euler numbers less than or equal to −2. We will call a plumbing tree of circle bundles over S 2 nonpositive if the sum of the degree of the vertex and the Euler number of the bundle corresponding to that vertex is nonpositive for every vertex of the tree. In this section, we describe Legendrian surgery diagrams of some contact structures on plumbings of circle bundles over S 2 according to trees which are not necessarily nonpositive. These surgery diagrams will
be transformed into open books in the following section.
Let us denote a circle bundle over S 2 with Euler number n by Y n . Given a plumbing tree Γ of circle bundles Y n i , denote the boundary of the plumbed sphere bundles by Y Γ . A vertex with n i + d i > 0 will be called a bad vertex, where d i denote the degree (or the valence) of that vertex. We will call a connected linear subtree Γ ⊂ Γ maximal if there is no connected linear subtree Γ ⊂ Γ such that Γ is a proper subset of Γ . The set Γ \ Γ will denote the subtree where we remove from Γ all the edges emanating from any vertex in Γ as well as all the vertices of Γ . Take a maximal linear subtree Γ 1 ⊂ Γ which includes at least one bad vertex. Then take a maximal linear subtree Γ 2 ⊂ Γ \ Γ 1 which includes at least one bad vertex of Γ . It is clear that by iterating this process we will end up with a subtree Γ \ s j=1 Γ j ⊂ Γ without any bad vertices, for some disjoint subtrees Γ 1 , . . . , Γ s such that Γ j+1 ⊂ Γ \ j t=1 Γ t , for j = 1, . . . , s−1. Note, however, that Γ 1 , . . . , Γ s may not be uniquely determined by Γ . In particular, given any tree Γ , the number s above is not uniquely determined. Nevertheless, there is certainly a minimum s, associated to Γ , over all possible choices of subtrees in the above process. We will refer to this number as the genus of Γ and denote it by g(Γ ). If there is no bad vertex in Γ , then we define g(Γ ) to be zero. Proposition 3.1. Suppose that we are given a plumbing tree Γ of l circle bundles Y n i such [13] .
Open Books and Plumbings 5 Proof. From [11] we recall how to "roll up" a linear plumbing tree Γ . Let Γ be the linear 
Returning to the topological situation consider a tree Γ with one valence three vertex, then we can decompose Γ as above into linear trees Γ 1 and Γ 2 , where the first
be the rolled up surgery links for Γ 1 and Γ 2 , respectively. It is clear that if the neighborhood of V 1 in which L 2 sits is identified with a neighborhood of the meridian μ i for U i , then the resulting surgery link will describe Y Γ . As above we can Legendrian realize L 1 and L 2 . Moreover, if n i < −2, then there will be a zig-zag from the stabilization of U i and we may link L 2 into U i using this zig-zag as shown in Figure 3 .2. If n i = −2, then there is no zig-zag and no apparent way to hook L 2 to U i . However, we can perform a type 1 Legendrian Reidemeister move to create a cusp edge that can be used to hook L 2 to U i , as shown in Figure 3 We can continue in this way to obtain rolled-up surgery diagrams and Legendrian surgery diagrams for any plumbing tree. Note that we will need to add (n i + d i ) type 1 Legendrian Reidemeister moves to each Legendrian knot corresponding to a bad vertex.
4 Open books for plumbings which are not necessarily nonpositive.
Using the notation established at the beginning of Section 3 we are ready to state our main result. This theorem was proven in [11] for the case with no bad vertices (c.f. [2] ). We generalize the ideas there for our current proof.
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Remark 4.2. In [3] it was shown that if a contact structure is filled by a symplectic 4manifold whose intersection pairing does not embed in a negative definite form, then the contact structure cannot be supported by a planar open book. We observe that the intersection forms of some plumbings can embed in negative definite forms but the above with e 0 / = −1, −2. (for notation, see [5] .) Planar open books for tight contact structures on many of these examples were also constructed in [9] . Proof of Theorem 4.1. We recall the idea used in [11] to find open books supported by a contact structure obtained by a Legendrian realization of the linear plumbing tree de- It is clear that we can continue this process to cover all the vertices in Γ . As observed in [11] , this will work as long as the tree does not have any bad vertices, since the condition n i +d i ≤ 0 guarantees that there are as many "free" annuli in that vertex as we need to hook in a subtree splitting off at that vertex. It should be clear that we will always get a planar open book as a result.
To understand the situation with bad vertices, we need to translate the righthand side of Proof. We can Legendrian realize K ∪ γ on a page of the open book. The knot γ is a Legendrian unknot with tb = −1. Thus we can pick a disk D that γ bounds whose interior is disjoint from K and we can make this disk convex. In the standard contact structure on R 3 , we can take an unknot that is tangent to the x-axis and bounds a disk D whose interior is disjoint from the x-axis. Since D and D are convex with the same dividing set and the classification of tight contact structures on these manifolds from [13] . This result was originally proven in [11] . The case with e 0 = 0 follows from the classification given in [5] . In particular, all these contact structures can be obtained from the tight contact structure on S 1 × S 2 by contact surgery of three Legendrian knots isotopic to S 1 × {pt}. In follows similarly, the only difference with the e 0 = 0 case is that a 1 0 will be −1. Thus we will not be able to stabilize the knot corresponding to a 1 0 , however, when one "rolls up" the a 1 i 's on a 1 0 , we will still be able to realize them on the page of the open book. Thus we still get a genus zero open book. The sporadic examples with e 0 = −1 follow from the classification of tight contact structures given in [6] and using the methods in the proof of Theorem 4.1 to convert the contact structure diagrams in that paper to open books.
Examples
We now demonstrate how to use the above algorithm to construct open books for various plumbing diagrams. 
Since the monodromy is a product of right-handed Dehn twists only, the supported contact structure is Stein fillable (and hence tight). Therefore, this contact structure is isotopic to the unique tight contact structure on Σ(2, 3, 5).
There is also another way of finding an elliptic open book supporting the unique tight contact structure on Σ(2, 3, 5). The monodromy of the elliptic fibration E(1) → S 2 can be given by (t b t a ) 6 , using the notation in Figure 5 .2, except that we think of the curves a and b embedded on a nonpunctured torus. By removing the union of a section and a cusp fiber from E(1) we get a Lefschetz fibration on the 4-manifold W with punctured torus fibers whose monodromy is (t b t a ) 5 . One can check that ∂W is diffeomorphic to Σ(2, 3, 5)
by Kirby calculus (see, e.g., Dehn twists only, the contact structure supported by this open book is Stein fillable (cf. [7] ) and in fact W is a Stein filling of its boundary. We conclude that the elliptic open book with monodromy (t b t a ) 5 has to support the unique tight contact structure on Σ(2, 3, 5).
Finally, we note that the two elliptic open books we described above are in fact isomorphic. In order to see the isomorphism, we first observe that t c = t −1 a t b t a . Then we plug this relation into t 2 a t 3 c t 5 b to get
(5.3)
Note that we used the "braid" relation t a t b t a = t b t a t b repeatedly and cyclically permuted the words in the calculation above. Then applying our algorithm we can construct an open book supporting the contact structure obtained by the (unique) Legendrian realization of this plumbing diagram.
The page Σ 1,2 of the open book is a torus with two boundary components and the monodromy is given by which is equivalent to the more symmetric form
5)
where we depicted the curves a 1 , a 2 , b, and c on Σ 1,2 in Figure 5 .4. Note that Dehn twists along two disjoint curves commute. Moreover, by plugging in t c = t −1 a 2 t −1 a 1 t b t a 1 t a 2 we can also express the monodromy as In this final example, we will illustrate how to build open books corresponding to a tree with two subtrees, each containing a bad vertex, meeting at a bad vertex. As the first subtree Γ 1 , take the linear tree on top with five vertices with a bad vertex in the second and fourth place, and as the second subtree, take Γ 2 the subtree of Γ \ Γ 1 branching from the left most bad vertex on Γ 1 . Notice that in the rolled-up version the part corresponding to Γ 2 is "linked" to the part corresponding to by Legendrian surgery on the Legendrian realization of Γ is then given by φ = t a 4 t a 3 t 2 b 2 t 2 c 1 t 2 b 1 t a 1 t a 4 t a 3 t a 2 t a 1 .
(5.7)
The careful reader might have noticed that there is in fact a maximal linear subtree of Γ including both bad vertices (i.e., g(Γ ) = 1) and using that as the initial subtree we could construct a genus one open book (with two binding components) supporting the same contact structure. However, we wanted to illustrate how to build an open book corresponding to a tree with two subtrees, each containing a bad vertex, that meet at a bad vertex.
